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Abstract

Theoretical calculations are compared with well-controlled experiments conducted on a high-surface area, small diameter lithiated-carbon
electrodes. The electrodes are shown to yield very high current densities and exhibit little interfacial kinetics resistance or intercalate diffusion
resistance. The mathematical treatment describes quantitatively a wide range of electrochemical experiments. The application of the model to
the experimental data is facilitated by the use of a reference electrode. Initial cycling behavior of the high-surface-area electrode is elucidated,
including clarification of the first-cycle coulombic inefficiency. Nitrogen absorbtion and scanning electron micrographs are utilized to
ascertain the microstructural characteristics that distinguish the active electrode material. An asymptotic analysis is used to indicate when
diffusion resistance within host particles is negligible; this fact simplifies model calculations and contributes to our overall understanding of
insertion processes associated with host particles of very small dimensions.
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1. Introduction

Although the safety and performance benefits associated
with using lithiated carbon over metallic lithium in room-
temperature, solvent-based lithium batteries are well
accepted, elucidating the processes governing the perfor-
mance of the lithiated-carbon electrode remains a challen-
ging research objective [1-9,19]. It is the purpose of this
work to contribute to the research and development of
lithiated carbon anodes by extending previous characteriza-
tion methods and tools to examine a high-power carbon
anode material, which may be of interest for electric and
hybrid vehicle applications.

The vapor-grown carbon fibers used in this study are
described in [10-12]. We examine electrodes made from
these fibers and highlight the material’s high-power cap-
ability derived from the small diameter of the carbon fibers.
Scanning electron micrographs, nitrogen adsorption data,
and electrochemical experiments are reported, all of which
are employed in the modeling analysis.

The mathematical description we employ to simulate
the cyclic voltammetry experiments is analogous to that
developed for the modeling of batteries containing porous
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insertion electrodes, with the primary exception being the
treatment of transport within the solid state [1,4,5,7,9,19].
References to early work concerned with the treatment of
insertion electrodes can be found in the paper by West et al.
[13], which provides a treatment of porous electrodes con-
structed with insertion materials, and related theoretical
investigations of metal-hydride electrodes [14-16]. Ver-
brugge and Koch [3,4] purpose and implement a procedure
to analyze lithium intercalation of single-fiber electrodes,
allowing one to isolate the properties intrinsic to the lithiated
carbon fiber; the results are not complicated by the influence
of binders, electronically conductive additives, current col-
lectors, or other components necessary for the fabrication of
porous carbon electrodes such as those used in this inves-
tigation. For the current investigation, however, the fibers are
of extremely small diameter, and in Appendix B, it is shown
that diffusion within the carbon fibers of the electrode takes
place fast enough so that transport is in quasi-steady state.
This fact simplifies greatly the model calculations and
facilitates our understanding of what processes govern the
electrode behavior. In general, the asymptotic analysis given
in Appendix B can also be applied to other insertion-
electrode materials in order to determine if diffusion resis-
tance of the guest species within the solid state needs to be
considered. We apply the model to examine the porous
lithiated-carbon electrode in an electrochemical cell of
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known dimensions and containing a reference electrode
[17,18] as well as a counter electrode.

2. Experimental
2.1. Materials

Solutions were made with distilled propylene carbonate
and reagent-grade, dried lithium perchlorate (Aldrich). For
all of the data discussed in this study, a 1 M LiClO4+
propylene carbonate electrolyte was employed, and the
temperature was maintained at 25 °C. A description of the
purification procedures used is given in [3]. Lithium (Foote
Mineral, 99.99%) was used to construct the counter elec-
trode. Aluminum wire (Johnson Matthey, 100 pm diameter,
99.999%) was alloyed with lithium at a current density of
10 pA/cm? until the average composition reached 2 mole
percent. The current was passed between the aluminum wire
and the lithium foil that later became the counter electrode.
The lithium aluminum reference maintained a stable open-
circuit potential, 0.387 V versus the lithium foil, throughout
the experiment duration, in agreement with previous inves-
tigations [20]. All experiments were conducted in a vacuum
atmospheres glove box fed with 99.999% argon gas (Scott
speciality gases). Provisions were made to remove trace
amounts of oxygen and water.

2.2. Electrochemical cell

A schematic illustration of the three-electrode cell is shown
in Fig. 1. The porous carbon electrode is located 1 mm away
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Fig. 1. Electrochemical cell. The porous carbon electrode is located 1 mm
away from the 100-pm diameter lithium—aluminum (reference) wire and
2 mm away from the lithium counter electrode. The superficial area of the
working and counter electrodes was 3.88 cm?.

from the lithium—aluminum reference wire and 2 mm away
from the lithium counter electrode. The superficial area of the
working and counter electrodes was 3.88 cm?. The cells were
controlled by an EG & G Princeton Applied Research
Potentiostat/Galvanostat Model 273, and the data was col-
lected with a Nicolet 4094B Storage Oscilloscope connected
to a laboratory computer. For all of the data presented, a
negative current denotes an overall cathodic process.

2.3. Porous carbon electrodes

The carbon electrodes of this study were made from a
vapor-grown carbon fiber that has been described by Tibbetts
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Fig. 2. Upper micrograph: electrode surface; lower micrograph: electrode
cross-section.
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Fig. 3. High-magnification electrode micrographs.
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Fig. 4. Pseudo-thermodynamic data. The experimental data are shown to be well represented by Eq. (A.3), corresponding to the curve labeled Interaction
relation. The top panel shows that the Interaction model is in good agreement with the cell Nernst equation (Eq. (A.2) with V;_; = 0) for dilute lithium
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etal.[10,12,13]. Thedensity of the fibersis2.02 £ 0.02 g/cm3,
which can be compared with 2.26 g/cm® for graphite [12].
The fibers were grown by Applied Sciences. The electrode
porosity after compression at 650 psi and 80°C was 20%.

Low-magnification electron micrographs of the face and
cross-section of the electrodes are shown in the upper and
lower pictures of Fig. 2, respectively. The thickness of the
porous electrode was 35 um. Higher magnification images
of the electrode face are displayed in Fig. 3, wherein the
fibrous nature of the active material is immediately apparent.
By measuring the resistance between the electrode face and
current collector, we determined an effective solid-phase
conductivity of 3.2 x 10~ S/cm. Neither the effective solid-
phase conductivity nor the electrode thickness changed
substantially after soaking the electrode in the electrolyte
for 24 h.

Nitrogen adsorption measurements (using a Quantachrome
Autosorb-1 automated gas adsorption system) yielded a sur-
face area of 3 m?/ g for the solvent-cast electrode, correspond-
ing to a specific surface of about 60,000 cm?/cm?. As will be
shown in Section 4, a specific surface of 2000 cm?/cm? was
used to represent the experimental data, perhaps indicating
that not all of the surface carbon is active for electrochemical
reaction. The surface-area measurements on actual electro-
des, however, reflect the influence of binder materials and
current collector and in general are quite approximate. Fong
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et al. [22] have shown that the initial capacity loss scales
with surface area for petroleum cokes, but no surface-area
dependence was observed for graphites.

3. Mathematical model

We have placed all of the mathematical development in
Appendixes A and B. The approach taken in treating the
thermodynamics and electrochemical kinetics derives from
the characterization of partially graphitized single-fiber
microelectrodes [4]. The description of the transport phe-
nomena for the liquid phase and the treatment of ohmic loses
in the solid phases corresponds closely to those derived and
implemented in [1]. The inclusion of the Appendix is
motivated by two considerations: (1) it is unlikely that
the simulations presented in this paper could be understood
or reproduced by future researchers without a complete
listing of the equations solved (Appendix A) and (2) an
asymptotic analysis is used to show that when diffusion
resistance within the carbon fibers of the electrode is neg-
ligible, the governing equations for the lithium ion cell can
be greatly simplified (Appendix B). The resulting mathe-
matical model comprises a set of coupled, multivariable,
nonlinear differential equations, which were solved using
the routine described in [21].
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Fig. 5. First-cycle inefficiency. The shaded cathodic peak centered at 0.7 V corresponds to solvent reduction. The uniform and sustained periodic state is

obtained after the fourth cycle.
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4. Results and discussion
4.1. First-cycle inefficiency and electrode conditioning

An aspect of the performance of lithiated carbon electro-
des that is still not fully understood concerns the loss of
capacity on the first cycle of the electrode [22,33-36]. As is
shown clearly in the top, left panel of Fig. 5, a large peak in
the current response is seen on the first cycle when the
carbon electrode is (cathodically) charged, and the corre-
sponding first (anodic) discharge yields a cycle efficiency
of 26 precent during the subsequent anodic portion of the
cycle. It can be postulated that the large cathodic peak
current starting at about 0.8 V corresponds to the reduction
of propylene carbonate to form propylene gas and carbonate
anion by an overall process involving two electrons [37,38].
The evolution of gas from the cell, vented through the tubing
shown in Fig. 1, supports this speculation. Upon subsequent

cycles, however, no further evidence of solvent reduction or
cycle inefficiency is observed, as indicated by the voltam-
mograms for cycles 2—4 of Fig. 5. Thus, it appears that the
carbon sites active in the solvent reduction process are
de-activated during the first intercalation half cycle. Note
that the lithium de-intercalation current observed during the
first de-intercalation half cycle yields less anodic charge
than subsequent de-intercalation half cycles, reflecting that
the cathodic charge associated with gas evolution cannot be
recovered anodically.

From a practical perspective, one needs only to cycle the
electrode once to remove the solvent reduction process. Since
it is common to fabricate cells with discharged carbon
electrodes (devoid of lithium) and discharged metal oxide
cathodes (containing lithium), one can simply cycle the
electrode once at 0.1 mV/s, terminate the procedure upon
completion of the cycle at 2 V versus Li, and use subsequently
the wetted electrode in a battery with the expectation of

20

V/
\ /

Current density, mA/sq.cm
(=]

10 mV/s

100 mV/s

.10 -
Experiment
-20 ' * : '
0 0.2 0.4 0.6 0.8 1
(a) Potential vs. Li, volts
20
F
g
Q10
2 £
<
8
2 9
(2]
=)
]
= D
E B
.10 -
O Theory
c 6 = 152
20 L L L L
0 0.2 0.4 0.6 0.8 1
(b) Potential vs. Li, volts

Fig. 6. Experiment—theory comparison. Both the experimental (upper figure) and theoretical (lower figure) results correspond to the uniform and sustained
periodic state. The potential scan rate is indicated, and the letters A—F refer to the electrode potential and correspond to the same letters appearing in Figs. 7-10.
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Table 1

Parameters and properties

Quantity Value Units
as 2000 cm?/cm?
o 1.3 M

Cref 1 M

s 5.1 M

D [28] 42 % 107° cm’/s
ioret [4] 1 mA/cm?
A 2 mm

b 35 pm

£ [1,39] 0.2 -

T 298 K

p [4,28] 0.5 -

€] 0.8 -

€ 0.2 _

e 1 -

¢ 32x 107 S/em

v 2 -

These values yield 0 = 152; ¢ is the lone dimensionless parameter that is
adjusted to fit the data shown in Fig. 6.
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#(C) = F?x(c)/(Fc°D) (c). The letters A-F refer to the potentials indicated
by the corresponding letters in Fig. 6 (potential scan rate: 1 mV/s).
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Fig. 8. Profiles of the dimensionless solid-phase potential ¥, =f®,
current density in the liquid phase iy = £;iy/(Fc°D), and fractional
occupancy in the intercalation host carbon @y (potential scan rate: 1 mV/s).

nominally 100 percent for ensuing cycles. Provision must be
made for loss of lithium, however.

4.2. Experiment—theory comparison

The upper curves in Fig. 6 correspond to the uniform and
sustained periodic state and potential scan rates of 0.1, 1, 10,
and 100 mV/s. Calculations from the theoretical model are
displayed in the lower panel. Both experimentally and
theoretically, the uniform and sustained periodic state is
obtained after about two cycles for the slow potential scan
rates and after about four cycles for the 10 and 100 mV/s
scan rates. The calculations are for the fourth cycle—cal-
culations for subsequent cycles plot over the curves and are
not discernible from those displayed.

The parameters and properties employed in the simula-
tions are given in Table 1. In particular, we note that ¢ is
the only unknown dimensionless parameter. The exchange
current density and symmetry factor were taken to be those
measured in [4] on individual carbon fibers. A symmetry
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refer to the potentials indicated by the corresponding letters in Fig. 6
(potential scan rate: 100 mV/s).

factor of 0.5 was also measured for the Li-Li* reaction in
[28], wherein the quantity D/(1 — ;) was found to be
constant for salt concentrations below 1 M. The specific
surface area ag (and thus J) was fitted to the data. The
sensitivity of the simulated voltammograms to this para-
meter is discussed below.

Although the curves display a wide variation in structure,
both along an individual curve and from curve to curve, the
mathematical description is shown to capture the apparent
features of the experimental data. Differences between any
two electrodes are of the magnitude of the differences
between the experimental data and theoretical calculations,
and it would be unproductive to adjust further the various
model parameters in order to improve the experiment—
theory agreement.

4.3. Concentration, potential, and conductivity profiles

Profiles of the dimensionless salt concentration C, liquid-
phase potential ¥, liquid-phase conductivity k, solid-phase
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Fig. 10. Profiles of the dimensionless solid-phase potential ¥;, current
density in the liquid phase i», and fractional occupancy in the intercalation
host carbon @y (potential scan rate: 100 mV/s).

potential ¥, current density in the liquid phase i,, and
fractional occupancy within the intercalation host carbon ®
are given in Figs. 7 and 8 for a scan rate of 1 mV/s and in
Figs. 9 and 10 for a scan rate of 100 mV/s. These dimen-
sionless quantities are defined in Table 3' of Appendix A.
The profiles correspond to the uniform and sustained per-
iodic state. The electrode potentials are indicated by the
symbols A-E (cf. lower panel of Fig. 6). These same
electrode potentials correspond to the value of f@; at
x = {1 + £, in the top panels of Figs. 8 and 10. In contrasting
the results for 1 and 100 mV/s, we note that the larger
potential scan rates yield larger current densities, as the salt
concentration is less depleted at the electrode—electrolyte
interface during the cycle, the mass-transport resistance is
thereby reduced, and the potential drops in both the liquid
and solid phases are increased commensurate with the
increased current flow. Just as there is less salt reacted

! See Table 3 for definitions of dimensionless quantities employed in
Table 2.



302 M.W. Verbrugge et al./Journal of Power Sources 110 (2002) 295-309

a; — 00

ag= 2000 cm?/cm® (§

Current density, mA/sq.cm
()

I i L L s

3 L L L L
0 01 02 03 04

05 06 07 08 09 1

Potential vs. Li, volts

a; — 00

20
100 mV/s
g
5w}l (b)
g
<
g
Z 0
=
O
o
=
£
E 0|
O
a; — 00
220 L i " L

as = 2000 cm?/ecm?® (§ = 152)

L L — L L

0 0.1 02 03 04

05 06 07 08 09 1

Potential vs. Li, volts

Fig. 11. Sensitivity to the specific surface area a5, which enters the dimensionless formulation through the group § = ayiy .t/ (c°DF). For the theoretical
calculations shown in Fig. 6, a; = 2000 cm? (and § = 152). Upper figure, 1 mV/s; lower figure, 100 mV/s.

per cycle with increasing potential scan rates, the utilization
of active material is also diminished, evidenced by the
comparison of the @1 — X plots of Figs. 8 and 10.

4.4. Sensitivity analyses

An important aspect to understanding the behavior of
porous carbon intercalation electrodes is the identification of
performance-limiting processes. Although the only para-
meter adjusted to obtain the theoretical voltammograms
shown in Fig. 6 was the specific surface as, incorporated
into the dimensionless group & = asl3ip.r/(c°DF), the
theoretical results for the uniform and sustained periodic
state displayed in Fig. 11 indicate that the calculations of
Fig. 6 follow closely those of a kinetically facile electrode
reaction (0 — 00), underscoring the facile nature of the Li—
Li" reaction [28] and the utility of employing high-surface-
area carbons as lithium-intercalation electrodes. (Note that

for the case of 0 — oo there are no adjustable parameters
used in the model calculations).

For the conditions and quantity values associated with
Fig. 6, the calculations are far less sensitive to the salt
diffusion coefficient D, lithium-ion transference number
t?r, and solid-phase conductivity ¢ than to the liquid-phase
conductivity k. The influence of the liquid-phase conduc-
tivity on the theoretical voltammograms is illustrated in
Fig. 12 for the uniform and sustained periodic state. The
solution-phase ohmic drop is influenced additionally by the
system geometry (e.g. ¢; and to a lesser extent /).

5. Summary and conclusion
The deliverable energy and power from the lithiated-

carbon electrode influence directly the range and accelera-
tion capabilities of electric vehicles utilizing battery systems
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comprising lithiated carbon. For hybrid electric vehicles, the
power density plays a critical role, as higher power density
batteries allow automakers to reduce the size of the heat
engine, thereby improving fuel economy and reducing
unwanted emissions. In this work, we compare theoretical
calculations—based on the governing thermodynamic,
kinetic, and transport phenomena—with well-controlled
experiments conducted on high-power lithiated-carbon elec-
trodes that are constructed by a solvent-casting process. The
mathematical treatment, which couples the phenomena
taking place within insertion electrodes (on a microscopic
scale) to macroscopic transport, is shown to describe quan-
titatively a wide range of electrochemical experiments. In
addition, initial cycling of the electrodes is investigated as
are microstructural characteristics that distinguish the active
electrode materials. The analysis is used to show that the
high surface area of the high-power solvent-cast electrode
yields little overall electrochemical reaction resistance, and

the performance of the cell used in this study is determined
primarily by liquid-phase resistance. An asymptotic analysis
(Appendix B) is used to show that diffusion resistance within
the carbon fibers of the electrode is negligible; this fact
simplifies the model calculations and contributes to our
overall understanding of insertion processes associated with
host particles of very small dimensions. In summary, it is
shown quantitatively that the vapor-grown lithiated-carbon
electrodes yield very high current densities, consistent with
the material requirements of high-power density batteries.

List of symbols

radius of host fibers or particles (cm)

a
as specific surface (cm2/cm3)
c concentration (mol/cm3)

D diffusion coefficient (cm*/s)
! F/RT (V)
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It mean molar activity coefficient of the salt
F Faraday’s constant (96487 C per equivalent)
i current density (Alem?)

io exchange-current density (A/cm?)

10, ref reference exchange-current density (A/cmz)

k, anodic rate constant (mol/cm2 S)

ke cathodic rate constant (cm/s)

4 thickness of electrolyte region (cm)

4 thickness of porous-electrode region (cm)
n number of electrons per reaction

N flux density (mol/cm2 S)

r radial coordinate (cm)

R gas constant (8.314 J/mol K)

Sc vacant site within the carbon host
t time (s)
1 transference number of species i (relative to

the solvent velocity)

temperature (K)

open-circuit potential (V)

velocity (cm/s)

interaction potential contribution (Eq. (A.2))
V)

distance coordinate (cm)

charge number

dimensionless group o = aig et/ (FDics)
transfer coefficient of reaction

activity coefficient

porosity

dimensionless group { = (a/{;)*D/Dy
surface overpotential (V)

fractional occupancy

liquid-phase ionic conductivity (S/cm)
chemical potential (J/mol)

solid-phase electronic conductivity (S/cm)
electric potential (V)

AR
|

—

AT AP TN TR N

Superscripts and subscripts

0 pure state

0 secondary reference state at infinite dilution
+ cation (Li™)

— anion (ClOy )

0 initial condition or solvent

1 solid phase

2 liquid phase

e electrolyte region, 0 < x < ¢
I guest intercalation species

S vacant host site

T total

Appendix A

The thermodynamic and phenomenological equations
used in the mathematical model are presented in this section.
These equations are then combined with standard conserva-

tion equations [17] to derive the governing partial differ-
ential equations for the cell model.

A.l. Thermodynamics

The treatment of both the thermodynamics and interfa-
cial-kinetics of the reaction at the fiber surface follows from
the development given in [4], where these phenomena were
studied using well-characterized single-fiber electrodes. The
electrochemical reaction at the fiber surface is written as

Li* +e” + Sc % [Li* — S7]. (A.1)
A vacant site within the carbon host and available for lithium
intercalation is represented by Sc. After insertion, the
lithium still retains a significant positive charge y, and the
carbons originally constituting the host site take on a
negative charge of equal magnitude, —y. The open-circuit
potential U of the intercalation electrode relative to a
metallic lithium electrode, is given by

FU = py; + us — piy,

where F refers to the Faraday’s constant, I refers to the
intercalating species (e.g. [Li* — S.*] of reaction (A.1)), and
S refers to a vacant site available for reaction with species /
(e.g. Sc of reaction (A.1)). The chemical potential of the
metallic lithium electrode corresponds to that of pure
lithium, u7;. To formulate the chemical potentials for the
intercalation-electrode species, ug and p;, a convenient
standard state corresponds to an infinitely dilute solution
of I in host S. The cell potential is written as

RT ©s RT 7y

U=U"+—In—4+—1n"3 A2

g tE (A2)
N——

Viet

where @ denotes fractional occupancy, @+ Os =1, y
refers to an activity coefficient, [23] and the standard cell
potential U’ the concentration-independent portion of the
cell potential, is given by

0 0
FU" = i + pg — iy -
The reference states require that

1n—1 a 6;—0 s —1 as BOg— 1.

Thus, limg,—oVi—1 = 0. Because of the reference states
chosen, the deviation from ideal solution behavior is due
to /-1 interactions, resulting in the addition of Vi to the
Nernst expression for the cell potential. We make the
assumption that the contribution of the excess free energy
can be expressed as

(01 + a;07)
1+a(0; +a;07)’

Vlfl =aia (A3)
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where the parameters

a; =13, a, =1.13583, and a3 =3

were fit to the open-circuit data (cf. Fig. 4). This approach to
treating the excess free energy is analogous that originally
proposed by Wohl [24] for the treatment of excess functions.
We shall refer to Eq. (A.2), with the inclusion of V_j, as the
interaction relation. A comparison of the open-circuit poten-
tial data with the Nernst equation and the interaction relation
is shown in Fig. 4. A value of U’ = 1.178 V was employed.
Note that as the fractional occupancy @ tends to zero, the
Nernst equation is recovered for the cell potential, both
experimentally and theoretically. The use of the interaction
relation allows for the straightforward application of ther-
modynamic relationships and a convenient algebraic expres-
sion for describing the equilibrium behavior.

A.2. Transport phenomena

Concentrated solution theory [17,25] is used to relate
species’ fluxes to electrochemical potential gradients:

cc,

¢V, = RT Z —). (A.4)

CTDz]

The concentration and velocity of species i are given by ¢;
and v;, respectively. The diffusion coefficient representing
the interaction of species i and j corresponds to Dj;, and ¢t
represents the total solution concentration including the
solvent. For the binary electrolyte of this study, the three
diffusion coefficients (Do, D_g, and D _) can be replaced
with three parameters that are more commonly reported in
the literature: the cation transference number (relative to the
solvent velocity),

z+D+o

P=1-0=—""
ztDyg—z- Dy

+ - =

the salt diffusion coefficient,

°r (1 " dlnfi) D oD o(zy —2)

co dlnc /) z4Di9g—2z-D_y

D = ;
and the electrolyte conductivity, which shall be discussed
below in the context of the electric potential in solution. Due
to lack of experimental data, we shall ignore activity coeffi-
cients (fy = 1) in formulating the electrochemical poten-
tials, making Eq. (A.4) similar to the Stefan—-Maxwell
relations [26,27]. In addition, the solvent is taken to be
immobile and of invariant concentration, and the salt diffu-
sion coefficient and cation transference number are assumed
constant. These assumptions should be valid for salt con-
centrations below 1M for the system of study [28]. The
result is the cation (Li™) flux relation given as Eq. (A.7). The
electric potential in solution @, is defined in terms of a
lithium reference electrode,

Lit +e” = Li.

(@, shall be used to refer to the solid-phase electric poten-
tial). At the reference electrode,

+ —
Mp; + M = Hpjs
and upon substitution of expressions for the quantities u;, the

solution current density, electric potential, and salt concen-
tration are found to be related by

= —kVP + — (1 — )v:usall

= —kV®, + 2RT— (1 —9)Vine, (A.5)

in agreement with the treatment in Section 81 of [17]. The
solution conductivity is related to the binary diffusion
coefficients:

I RT L,
K crzez F2\Dy_  vicD_y)’

For the electrolyte of this study, [1,29,30]

A
K = Kmax <mm > exp {B(m - mmax)2 —A <%)} 7
max max

(A.6)

where the molality of the salt m is in units of mol/kg and is
related to the molar salt concentration (mol/l) by ¢ = m/p,
and the conductivity « is in units of S/cm when the constants
are specified as follows:

A =0.855
Kmax = 0.00542

B =-0.08
Mmax = 0.6616

’p = 1.204.

The remaining phenomenological transport relation consists
of Ohm’s law for relating the solid phase current density i;
and electric potential,

il = —aVch.

In Appendix B, transport resistance within the carbon fibers
is considered, and it is shown that for the fibers of this study,
transport resistance within the fibers does not affect the
current—potential relation appreciably.

A.3. Electrochemical reaction

A Butler—Volmer equation is used to relate the local
current density normal to the fiber surface i, and the
potential devoted to driving the electrochemical reaction
(A.1), the surface overpotential #,:

i =i [e(l—/f)fm _e ]

where f = F/RT and f is the symmetry factor. The sym-
metry factor is taken to be one half in this work, reflecting a
strongly solvated ion [31] and consistent with measurements
of the Li-Li* reaction [4,28]. The exchange current density
ip is related to the anodic and cathodic rate constants, k, and
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k., respectively, and the various reactant concentrations
[17,32]:

io = Flkeeti (1 — 0)] " (k,01)".

For the conditions of this work, the surface overpotential is
given by

n=vV-U=V-— vo + By, 1= 6
s F 0,

- VI—I )

where V is the potential of the lithiated carbon electrode
relative to a lithium reference located in solution of the same
liquid-phase composition, and U is the open-circuit potential
relative to the same reference electrode. Following the
development of [4], the exchange current density is refer-
enced to a salt concentration of 1 M and fractional occu-
pancy of @y =1/2 (i.e. LiCj, for the graphitic carbon
anode):

lo,ref = ZiO‘C:IM‘@I:I/ZZ Fi{™P (ka)".

Hence, iprr is a constant and is twice the value of the
exchange-current density when @ =1/2 and ¢ =1M.
Recognizing that V = @; — @,, one can recast the
charge-transfer relation in a form better suited for numerical
analysis, with the result being Eq. (A.8) (note i, = Fj,).

A.4. Cell model

The battery is modeled as one-dimensional (see Fig. 1):
the lithium electrode is at x = 0; the electrolyte region is
0 < x < ¢y, with the lithium reference electrode at x = ¢, /2;
the Li—C region is ¢; < x < /| + ¢, with the current col-
lector at x = ¢; + ¢,. Transport is described in each of the
two regions (electrolyte and Li—C) by a system of differ-
ential equations, and the two systems are coupled together
at their interface x = ¢;. The dependent variables in the
electrolyte region are the actual salt concentration ¢ in
the pore fluid, the potential @, in the pore fluid, and the
volume-averaged (superficial) current density i. The depen-
dent variables in the Li—C region are ¢, @,, and i, as well
as i, (current density in the pore fluid), @; (potential in the
solid phase), and @; (fractional occupancy in the solid
phase).

The flux of lithium ions in the pore fluid is given by

(1]

0
N, = —-DVc+ iFi in the electrolyte region
€e
0
= —-DVc+ % i, inthe Li—Cregion, (A7)

reflecting the fact that in the electrolyte region i = €.i, (the
stoichiometric coefficient v, has been set equal to one in
the above formulae). The normal current density i, at the
electrolyte—carbon interface in the Li—C region is given

as i, = Fj,, where

1
Fjy = o ret (i) [@le“*mf'7 —(1—0ne | (A8)

ref

with
n=o, — & — U+ Vi (6),

as discussed in Section A.1 and phenomenological equa-
tions.
The three field equations in the electrolyte region are:

Jdc
~— — DV? A9
o c, (A9)

i A

= -V, +-(1-~)VI A.10
eek(c) Ve +f( +)Vine, (A1)
V-i=0. (A.11)
The six field equations in the Li—C region are
Oc (1-19)
— =DVc+-—1V.i A.12
o1 Vi + F \% I, ( )
i—Z:—Vd?z —|—X(1—t0)Vlnc (A.13)
K(c) f " ’
V-i=0, (A.14)
€ . 00
fzv iy = —elcsﬁl, (A.15)
i— Eziz = —610’V@1, (A16)
00 .

61657; = —ag,. (A.17)

The pore-fluid quantities (c, ip, ®;) are local averages over
the liquid phase and are thus defined at all positions x.
Similarly the solid-phase variables @; and @) are local
averages over the solid phase and are defined everywhere
in the Li—C region as well. The normal fluxes j, at the fiber
surfaces appear also as local averages in Eq. (A.17) (see also
Appendix B). Egs. (A.9) and (A.12) express material bal-
ance for the salt [1]. Eqs. (A.10) and (A.13) express an
Ohm’s law relation for the solution phase (cf. Eq. (A.5)).
Note that the stoichiometric coefficient v = v, 4 v_ is 2 for
the 1:1 electrolyte of this study. Egs. (A.11) and (A.14)
express conservation of charge. Eq. (A.15) expresses charge
conservation in the liquid phase. Eq. (A.16) is an Ohm’s law
relation for current density in the solid phase. Eq. (A.17) is
the dimensioned form of Eq. (B.7) derived in Appendix B
and results from a material balance on the guest species
within the insertion electrode.
Boundary conditions for the two regions are:

€FN, =iatx =0, (A.18)

4

D, :0atx:5, (A.19)
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Table 2
Dimensionless form of the model equations

Li electrode, X = 0 Electrolyte Interface, X =1 Li-C electrode Current collector,
X=L
=—cC'/(1— tﬁ) oCJ/ot=C" (€C)er = (ezc’)ﬁghl OC/or=C"+(1— t‘i)(fz)’ C'=0

=
IS
=
o
Il
|
<
]
+

e (C)] = —Wat
v(1—=19)(InC)' or

¥, =0 when X =1/2
0'=0

62i2 =1

i/[cR(C)] = [~ ¥'2+
v(l - tg)r)(ln C),]lcfl

Ez(;z):_ighl = —EICSaQI/a‘E
;— Cz’l:z = —616'(l[//1)
C]Csa@l/af = —(5],,

b/R(C) = —¥'5+
v(1—=2)(InC)

L/R(C) = =¥+
v(1—122)(InC)

(@) =0 (i =0
62(;2)’ = —€1C50@I/8T ;2 =0
right ;— 62;2 = —616'![’/] ; = ;Cen or lp] :fV

C]Csa@l/af = —(5],, CICS(‘)@I/OT = —(5.’,1

Jn = (C/Cref)liﬂ[@le(liﬂ)}‘7 - (1 - Ql)eiﬂﬁ]v

=W — ¥, —fU’ +fVi_1(O)). 9/OX is represented with a prime. Table 3 gives the definitions of the

dimensionless quantities. Note that a constant transference number has been assumed, consistent with available literature data. For the simulations of this
work, 01(0,X) = 0.02, C(0,X) = 1.3, and results are presented for the fourth cycle (cf. Fig. 6).

. Jc . Jdc
hmxﬁgl— €e— = hmx_,q € —

Ox Ox

limy ;¢ = lim,_, e

lim g i = lim,_p+i atx = £y, (A.20)
limxazl— 452 = lim)H,{T ¢2

hmx_,[lu' —6i; =0

N+ - O

h=0 atx = 0 + 4. (A.21)

@1 =V or i:iceu

The boundary condition at x = 0 states that current is
carried by the lithium ion at the lithium electrode. The
boundary condition at x = ¢;/2 sets the reference electrode
at this point. The boundary conditions at x = ¢; specify
continuity of various physical quantities at the interface, as
well as the fact that the solid-phase current is zero at the
interface. Both the salt flux and current vanish at the current
collector, as stated in the first two conditions at x = £; + 4,.
The two possibilities for the last condition are for either
voltage or current control.

Table 2 restates these equations in dimensionless form
and gives an indication of how they can be discretized for
numerical solution. The boundary conditions expressing
continuity of the dependent variables at x = ¢; are auto-
matically implemented in the finite difference scheme,
because these variables must be single-valued at each node;
thus these conditions do not appear in the table. Note in
particular that the continuity of ¥, at the interface serves
as a boundary condition for the second field equation in the
Li—C region.

Appendix B

Our purpose in this appendix is to show that the model
equations proposed in [1], which include diffusional resis-
tance within the solid phase, can be simplified when a
dimensionless group ({, defined below) that characterizes

the time of transition to steady-state for diffusion within the
insertion electrode is small. At the end of appendix, we show
how these simplified equations can also apply under some-
what more general assumptions than those utilized in [1].

The material-balance equation for lithium in the carbon
phase is:

00, dlny,
—:D . 1 .
o~ v K T ame, )V

The thermodynamic quantity (1 4 dlny;/dIn®;), which
can be evaluated from open-circuit potential data such as
that shown in Fig. 4, has been shown to be a strong function
of guest occupancy [4]. At the fiber surface, a Butler—Volmer
condition is employed [1]:

dlny;
dIn O

DICs(1+ )V@I'" = ju(c, @1, D2, O1),

where the definition of j, is given by Eq. (A.8), and n is an
outward unit normal on the fiber surface. An initial condition
of the form

O1(t = 0) = 6,

is also assumed. The problem can be put in dimensionless
form using the following definitions:

aio f D a 2

Te! —

* F I)ICs C DI (@ 1) avs

in addition to the dimensionless groups given in Table 3,
where a is a characteristic length for the fiber; e.g. the fiber

Table 3

Dimensionless quantities

T =1D/f? X = x/¢ L=({+06)/6
C=c/c Cret = Cret/ " Cs = ¢/

Ny = (N, /(c°D) i=0i/(FOD) iy = 15y /(FD)
Yy =fP Yy =fd, n=fn

}(C) = Fk(c)/(FD) & =Fc/(FD) & = aioser/(c"DF)

Along with the dimensionless dependent and independent variables are
given the dimensionless parameters ¢ and L, which can be altered to
optimize battery performance.
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radius for cylindrical or spherical fiber; for this study,
a ~?2 x 107® cm. The scaled forms of the above equations
are:

8@1_ — dIny; _
20 o (14 8mm) o) o

—(1 +§11;‘(g1) VO, n=0,(C, ¥, ¥:,0). (B2
For practical insertion-electrode materials and particle sizes,
{ is usually less than 0.001. Define @y, to be the solution to
the above equations in the limit as { — 0. @, will be an
accurate approximation to the solutions of Egs. (B.1) and
(B.2) when ( is small.

Before proceeding, it is useful to note the parameter
relationship

% = asaCs. (B.3)

In the following analysis, it will be assumed that o, {, asa,
and C; are constants whose values can be chosen indepen-
dently. A value for « is then determined by Eq. (B.3) in terms
of these other dimensionless groups.

To determine @;, one must solve

- dln vy, -
0=V 1 ve B.4
<+dln@1@l> Io | > ( )
o
dln y, -

—\14+—— Oy -n=uol,(C,¥,¥,6y).

( +dln o, @IU>V LN o4 ( 1 2 lo)
(B.5)

If one can choose a constant value of @y, such that
oty (C, V1, V2, 0),) = 0 at all boundary points of the fiber,
then this constant value is also a solution to Eqgs. (B.4) and
(B.5). Eq. (B.3) guarantees this, because it implies that o
tends to zero in the limit as { — 0.

To proceed further we recall that in the treatments pro-
vided in [1], the variables ¢, @, and @, are assumed constant
over the surface of the carbon fiber; we shall make the same
assumption. By integrating Eq. (B.1) over the fiber, one then
finds that

00
Volume Ca—l" = —Areaa),(C, V1, V5, 0y), (B.6)
T

in the limit as { — 0, where the volume and area of the fiber
must be computed using dimensionless coordinates in which
the characteristic fiber size is order one, so that on average

Area asa

Volume ¢

Using Eq. (B.3), one can rewrite Eq. (B.6) as

00
a1 Cs a:} = —SJ,(C, V1, Vs, O1,). (B.7)

Thus, the time evolution of @y, is determined by the initial
state @? and Eq. (B.7). Consistent with this development, in
[6] Eq. (B.7) was employed instead of solving a transient
diffusion equation (e.g. Eq. (B.1)) for the intercalate species
(analysis of two-dimensional effects in thin-film lithium-ion
batteries was focused in [6]).

The parameter 6 measures how facile the kinetics of the
electrochemical reaction (A.l) is, as can be seen from
Eq. (B.7); letting J tend to infinity forces the equilibrium
condition J,,(C, ¥4, ¥2,0,) = 0.

One can estimate the error in the approximate solution @y,
by considering the residual in Egs. (B.1) and (B.3) when
O1 = 0),. Eq. (B.7) can then be used to determine time
derivatives of ©y,. If these time derivatives are too large, then
Eq. (B.4) becomes a poor approximation to Eq. (B.1), and &y,
is a poor approximation to ®y. Thus, @y, can be viewed as a
good approximation as long as {00, /0t remains small. Using
Eq. (B.7), one sees that this is equivalent to the condition

LS
E]CS

Similarly, to show that @, comes close to satisfying
Eq. (B.2) the condition

[Jn(C, W1, P2, 04| < 1.

24

OC|Jn(C7 qjh qu, @Io)| == m
S S

Va(C,¥1,¥2,0y)| < 1

must also hold.

Although the approach outlined here is valid only when
{ < 1, it shows that the model equations will not change (in
the limit of small {) even if the activity coefficients appear-
ing in the flux expression for lithium in carbon fibers are
nonzero. This is significant, because these coefficients can
vary over a full order of magnitude [4]. In addition, all that is
required with regard to the insertion particle shape is to
assume that its geometry is simple enough so that its
characteristic dimensions are all of the same order (e.g.
maximum and minimum particle dimensions).

It should also be mentioned that the analysis we have
given and those of [1] depend on the assumption that the
variables C, ¥, and ¥, are constant on the scale of the
fibers. This assumption is only approximately true, and it
conceivably gives rise to errors (in both models) that are as
large or larger than the errors arising from the approximation
O = 0y,. Clearly a more detailed derivation of the govern-
ing equations for a porous electrode would be necessary in
order to quantify these issues.
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